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Abstract-This paper extends the two-state variable material model recently proposed by the authors
for the sintering of fine-grained ceramic compacts for situations where grain boundary diffusion is
the dominant mechanism to include the effects of an interface reaction, The material model has
been incorporated into the finite element code ABAQUS and a range of finite element simulations
of a porous cylindrical notched specimen loaded in compression are presented for situations where
the controlling mechanism for creep and sintering varies from boundary diffusion to interface
reaction controlled, The results are compared with recent experimental results and a numerical
analysis. The influence of the interface reaction on the development of microstructure is then
discussed.

1. INTRODUCTION

Powder processing is being increasingly considered as a manufacturing route to produce
high-quality ceramic and intermetallic components. If the compact contains agglomerates,
or if a toughening phase in the form of fibres or whiskers is introduced into the compact,
then differential rates of densification can occur resulting in the development of a residual
stress field, which further influences the evolution of microstructure within the component.
When a component is hot isostatically pressed (HIPed) constraint of the can may result in
non-uniform densification within the body. As a result, the final product can differ from
the original component in shape as well as in scale. To predict the shape change, development
of residual stress fields and the evolution of microstructure, it is necessary to develop a set
of mechanical constitutive equations that adequately described the material response over
the full range of stress states experienced in practice.

The authors (Du and Cocks, 1992a) have recently developed a general framework for
constitutive models for the sintering of ceramic components, which can be expressed in
terms of two internal state variables, which relate to the physically measureable quantities
of relative density and grain size. The relationships for densification and deformation were
derived from the work of Ashby (1990), Helle et al. (1985), McMeeking and Kuhn (1992),
Cocks (1993) and Hsueh et al. (1986), and the relationships for grain growth were developed
from the studies of Hillert (1965), Shewmon (1964), Brook (1969) and Ashby (1990). In
previous studies (Du and Cocks, 1990, 1992b; Cocks and Du, 1993), the full range of
models were used to analyse the response of inhomogeneous sintering and HIPing bodies
to determine those features of the material response which most critically influence the
evolution of residual stress fields and microstructure. However, a feature of these models
is that it is implicitly assumed that grain boundary diffusion controls the rate ofdeformation,
providing a linear dependence of strain-rate on stress, although the general structure
adopted by the authors (Du and Cocks, 1992a) readily permits relationships describing
other mechanisms to be incorporated into a finite element code. Examination of the HIP
maps for alumina presented by Ashby (1990) reveals that a number of mechanisms could
contribute to the rate of deformation through the entire process. In fine-grained materials
diffusion can be limited by interface reactions (Burton, 1972; Ashby, 1969) as grain bound
aries under these conditions no longer act as perfect sources or sinks for vacancies. This
view is supported by a number of experimental studies (McCoy and Wills, 1987; Cannon
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et ai., 1956; Besson and Abouaf, 1989) on HIPed alumina compacts. Micromechanical
models of interface reactions and constitutive laws for the creep deformation of fully dense
materials have been developed by Burton (1972), Arzt et al. (1973) and more recently by
Cocks (1992), while constitutive relationships for densification of a porous solid have been
discussed by McCoy and Wills (1987). Other constitutive laws proposed for interface
reaction controlled sintering, such as that of Besson et al. (1989, 1990, 1992), are generally
based on a phenomenological approach involving disposable functions whose form is
determined by experiment. More recently, Cocks (1993) has examined the structure of
constitutive laws for the sintering of fine-grained materials for situations where power-law
creep and grain boundary diffusion are the dominant mechanisms of deformation and
densification. The material response is expressed in terms of scalar stress and strain-rate
potentials. General bounds have been developed for these potentials which incorporate a
description of the coupling between the different mechanisms.

In the present work, we make use of the strain-rate potentials derived by Cocks (1993)
and Pan and Cocks (1993) for situations where grain boundary diffusion mechanisms
dominate, which incorporates a description of interfacial processes. Cocks (1993) and Pan
and Cocks (1993) provide potentials in the limits of grain boundary diffusive flux and
interface reaction controlled sintering and described procedures for interpolating between
these limits. Here we develop a set of equations based on their potentials and describe the
implementation of these models within the finite element program ABAQUS (1989), where
we employ a Newton--Raphson scheme in the solution process.

When developing any material model it is important to assess the predictive capability
of the model by evaluating the response of non-uniform components where stress and strain
gradients can develop and to compare these results with experimental studies. A feature of
the present model is that the state variables relate to physically measurable quantities,
allowing a direct comparison to be made between theory and experiment. Recently Besson
et al. (1990) have performed compressive creep tests on circumferentially notched partially
sintered cylindrical specimens of alumina. The tests were stopped prior to the attainment
of theoretical density and the variation of density within the component was determined.
In Section 4 we use the models presented in Section 2 to calculate the response of this type
of component and compare the results with the experimental studies of Besson et al. (1990).
The results of these calculations allow the influence of the interface reaction on the
development of microstructure to be evaluated.

2. THE MATERIAL MODEL

It proves convenient to divide the sintering process into two stages: during the early
stages of sintering, the pores form an interconnected network through the material. This
stage is known as stage I. With the increase of time, the pores pinch off forming an array
of isolated pores and stage 2 starts. The transition to stage 2 occurs when the relative density
(density of compact/density of fully compacted material) is greater than about 0.9.

If we identify the total strain-rate i;ij with the symmetric part of the deformation-rate
tensor then the general structure of the constitutive relationship becomes

(1)

where ef; and et are the elastic and inelastic (or creep) strain-rates

e:; = e:,(O", p, L).

(2)

(3)

In these expressions C;kl is the elastic compliance matrix, (Jij represents the true (or Cauchy)
stress and fJ ij is the Jaumann rate of Cauchy stress. The second term of eqn (2) is included
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here for completeness and takes into account the change of the elastic compliance matrix
with density. Equations are available for this effect in the literature (Hsueh et al., 1986;
Cocks, 1989), but in creep and sintering studies it is generally observed that inclusion of
the variation of compliance with time does not significantly influence the results of the
analysis (Hsueh et al., 1986; Rides et al., 1989), particularly for situations where the
inelastic deformation is large. In our analysis we therefore assume for simplicity that Cijk/

remains constant during sintering.
From the inelastic strain-rate of eqn (3), which is a function of the true stress (1, p and

L, we may determine the densification rate

The formation is completed by providing expressions for the grain-growth rate

L = L(p,L).

(4)

(5)

This structure of constitutive law is applicable to any of the mechanistic models of the
sintering process. Within this framework it is possible to select governing equations for the
strain-rate and grain-growth rate reflecting the changing mechanisms and the different
stages of sintering. It is necessary to note that Bij in eqn (3) is the overall strain-rate, either
controlled by the rate of diffusion or the rate associated with the interface reaction. In the
following sub-sections we provide explicit forms for eqns (3) and (5) for the sintering of
fine-grained materials for situations where an interface reaction contributes to the material
response.

For situations where different mechanisms are involved, it proves convenient to intro
duce the strain rate potential ¢ and scalar stress potential qJ, which are related as follows
(Cocks, 1993):

(6)

where ¢ is a function of stress and qJ is a function of strain-rate. The stress (1ij and strain
rate Bij at a material point can then be determined from the stress potential qJ and strain
rate potential ¢, respectively, in the following manner

(7)

(8)

In the following sub-sections we obtain explicit forms for ¢ and qJ in the limits ofgrain
boundary flux and interface reaction controlled sintering and describe procedures for
interpolating between these two limiting cases. For simplicity we neglect the influence of
the sintering potential on the material response in this section. Appropriate expressions for
the sintering stress are incorporated into the model in Section 3.

2.1. Boundary diffusion controlled sintering
Following Du and Cocks (1 992a), the strain-rate potential for sintering for the situation

where grain boundary diffusion is the dominant mechanism is given by

(9)

for both stages I and 2, where the subscript b represents boundary diffusion controlled
sintering, SOb is the strain-rate experienced by a fully dense material of grain-size L o at a
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Table I. The functionsJ(p) and c(p)
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constant uniaxial stress 0- 0, am is the mean stress am = iakkl a. is the von Mises effective
stress and Cb(P) andJb(p) are dimensionless functions of the relative density, p, which are
given in Table 1, where during the early stage of sintering

(10)

The relationship of eqn (10) is consistent with results from forging experiments on ceramic
compacts and implies that there is zero transverse straining during the early stages of a test
as the component contracts in the direction ofloading (Besson et at., 1990).

The strain-rate can then be determined from the potential ofeqn (9) using the following
relationship

(It)

where sij are the deviatoric stresses, bij is the Kroneker delta, and a; = ~sijSij.

We find

(12)

The effective deviatoric and dilatational strain rates are given by

(13)

(14)

Combining eqns (9) and (12)-(14) with eqn (6) gives the stress potential

(15)

2.2. Interface reaction controlled sintering
The equations of Section 2.1 arise from a classical description of the diffusion process

in which it is assumed that the grain boundaries act as perfect sources and sinks for
vacancies. All the work done by the applied load during deformation then goes to drive the
diffusive flux of material along the boundaries. In practice, however, the boundaries are
not ideal and some of the work must go to drive the sources and sinks. Inclusion of this
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feature of the material response is particularly important in fine-grained materials where,
because of the short diffusion distances, the rate at which material can be added to, or
removed, from, a boundary can be the rate controlling stage of the process. In this sub
section we examine the situation where the rate of diffusional flow is so fast that virtually
all the work done by the applied load is needed to drive the interface reaction.

First we consider stage 1 of sintering when the porosity is open and discrete necks exist
between the particles. Cocks (1993) has recently examined this situation using procedures
similar to that employed by Kuhn and McMeeking (1992) in the development of their
model for isolated contacts of power law creeping particles. Like the model of Kuhn and
McMeeking (1992), the model developed by Cocks (1993) is essentially a micromechanical
model, having the same structure as that developed by Kuhn and McMeeking (1992).
Besson et al. (1989, 1990, 1992) on the other hand based the structure of their model on a
uniaxial model of a fully dense material proposed by Arzt et al. (1973). Their model is
essentially an empirical model and no detailed potential form was given, although in the
limit of interface reaction controlled sintering their equations can be expressed in terms of
a quadratic potential, which is not consistent with the micromechanical model developed
by Cocks (1993).

Following Cocks (1993), the strain-rate potential ¢, for stage 1 can be written in the
following general form

1 L [ (0' )3/2 (130' 1)3/2J2
¢, = 3eo,O'o L

O
c,(p) 0': +f,(p) 0'; , (16)

where the subscript r indicates that an interface reaction controls the deformation rate.
As noted above, in uniaxial forging experiments there is zero lateral strain as the

material densifies in the early stages of sintering. This suggests that

f,(p) = 0.5
c,(p)

(17)

during stage 1.
By examining the analysis of Cocks (1993), the detailed functions c,(p) andf,(p) can

be determined as given in Table 1, where we have adjusted the numerical constant for the
functional form of c,(p) from that originally proposed by Cocks (1993) to force eqn (17)
to hold. In the original formalism proposed by Cocks (1993), c,(p) is a factor of 1.84 larger,
givingf,(p)/c,(p) = 0.27.

Differentiating ¢, of eqn (16) with respect to O'e and am, respectively, gives the effective
deviatoric and dilatational strain-rates.

(
L ) [ (0' )3/2 (/30' 1)3/2J r;;:

ee = eo, L
O

c,(p) c,(p) 0': +f,(p) O'om v~

. . (Lo\r [ (O'e)3/2 (13<J"ml)3/2J(30'm) r;;:
8v = 3.08 0' y!,(p) c,(p) 0'0 +f,(p) ~ --a; V~·

The stress potential obtained from eqn (6) is then

2 If (.)3 I . 1
3

. 2 Ee 2 Ev

cp, = 3c,(p)f,(p) EO,O'O L o f, (p) eo, +C4(P) 3eO,

Pan and Cocks (1993) give the appropriate potential for stage 2 as

(18)

(19)

(20)
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1 L [ ((J' )2.5 (13(J' 1)2.5JI.2
¢r = 3Bor(J'o L

O
cr(p) (J': +fr(P) (J'; (21)

The functions cr(p) andf,(p) are again given in Table 1.
Following the procedure described above for stage 1, we obtain the dual potential

2 Jf[ (')5.3 I ' 1
5/3J09_ ' - 2/3 Be - 2/3 B"

qJr - 3BolTo L
o

Cr (p) B
Or

+fr (p) 3BOr (22)

2,3. The coupled problem
In the last two sub-sections, we presented the detailed forms of the scalar stress and

strain-rate potentials when the deformation is solely controlled by boundary diffusion or
an interface reaction. In practice, the deformation and densification processes may be
controlled by a combination of these two different mechanisms. In this sub-section we
construct the equations for the scalar stress and strain-rate potentials for intermediate
strengths of the interface reaction, from which a set of equations which relate the stresses,
strain rates and other state variables are developed.

According to Cocks (1993), an upper bound for the scalar stress potential for the
coupled problem is given by

(23)

Here we assume that eqn (23) provides an accurate description of the stress potential and
employ eqn (24) to determine the corresponding strain-rate potential

(24)

These equations simply reflect the fact that the two processes are sequential, i.e. both
must operate at equivalent rates. The response is then equivalent to two parallel viscous
elements within a rheological model, with one element representing the diffusive flux of
material and the other reflecting the operation of the sources and sinks. Cocks and Pan
(1993) discuss this type of rheological model in more detail.

Substituting qJb of egn (15) and qJr of egns (20) and (22) respectively into egn (23) we
can then obtain the scalar stress potential for the coupled problem for both stages 1 and 2.

The stresses can then be determined using egn (7), i.e.

(25)

(26)

The strain-rate potential can again be obtained by combining eqns (25) and (26) with
egn (24), but this requires inversion of eqns (25) and (26) to express the strain rates in
terms of the applied stress. This cannot be achieved analytically, and in the following section
we employ a Newton-Ralphson scheme to perform these tasks.

For the conditions employed in Coble's (1963) sintering experiments Du and Cocks
(1992a) determined that grain growth is limited by the mobility of the pores. The appropriate
equations for the grain growth rate of eqn (5) are then
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(27)

(28)

for stage 1 and 2, respectively, where Lo is a material constant.
To smooth the computational process, a transition period (p I < P < P2) was intro

duced between stages 1 and 2. The strain-rate potential <PI and the grain growth rate LI

during this stage were taken as

where

LI = kLstage I + (1-k)L"age2'

(29)

(30)

in order to provide a gradual transition from stage 1 to stage 2. Following Ashby (1990)
and Fleck et al. (1992), values of P2 = 0.95 and PI =0.9 were chosen.

We now have equations for densification and deformation [eqns (25) and (26)] and
grain growth [eqns (27) and (28)] for both stages of sintering. It is necessary to note that
in the development of the constitutive model, various material parameters BOb' 80" Lo and
0' 0 were introduced. In previous work, Du and Cocks (l992a) determined the values of
these quantities when interfacial processes were neglected by fitting each model to the
experimental data of Coble (1963), who conducted sintering experiments on fine-grained
compacts of alumina with an initial grain size of 0.3 pm at l480°C. The values of these
quantities are

and

for 0'0 = y/Lo, where y is the surface free energy per unit area. In the analyses presented in
the following sections where the initial grain size is allowed to vary the values of BOb, Lo
and 0'0 were adjusted accordingly. In the present work, we assume the values of these
quantities are still valid and define a dimensionless parameter ex which compares the rate
of grain boundary diffusion with the rate associated with the interface reaction

(31)

which is similar to that originally proposed by Cocks (1992). In the situations considered
in this paper the absolute values of BOb, Loand 0'0 play only a minor role in determining the
stress state and microstructure within a component for a prescribed applied displacement.
The component response can effectively be described in terms of the quantity ex defined in
eqn (31). When ex is much greater than 1, the rate of diffusion is much faster than the rate
associated with the interface reaction, and since the slower process governs the overall rate,
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the material response is interface reaction controlled. Similarly if CI. « I, the interface
reaction occurs at a fast rate and the rate of material transport is controlled by diffusion.
For intermediate values of CI. both boundary diffusion and the interface reaction contribute
to the overall rate of deformation. We examine this point further in the following section
when we analyse the response of a porous ceramic notched compact under compressive
creep loading.

3. NUMERICAL ANALYSIS AND FINITE ELEMENT MODELS

In this section we implement the material model of Section 2 using the commercial
finite element code ABAQUS (1989) through the user-defined CREEP subroutine, with the
relative density and grain size treated as solution-dependent state variables. This routine
allows any creep laws of the general form

(32)

(33)

to be defined.
Ifwe include the sintering potential in the constitutive equations presented in Section

2, eqn (25) becomes

where the sintering potential (Ashby, 1990)

y 2
(Is = O.06L P (2p-0.64)

for stage I, and

(34)

(35)

(36)

for stage 2.
It is evident that the forms of these equations [eqns (26) and (34)] are different to those

described in ABAQUS with the stresses expressed as a non-linear function of the strain
rate. Inversion of these relationships is best performed using a Newton-Raphson scheme.
The detailed procedure adopted in this study is presented in the Appendix.

,OZ
I
I
I

H=31.1mm

D=30mm

Fig. I. Geometry of the notched specimen.
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Recently Besson et al. (1990) have performed a series of compressive creep tests on
samples of 99.98% alumina. Cylindrical samples were initially hot pressed to relative
densities between 0.74 and 0.92 to provide enough strength for circumferential notches to
be machined in the specimens. The geometry of the notched samples is illustrated in Fig.
I, which had a height of 31.10 mm, a diameter of 30 mm and a notch radius of 6.67 mm.
The notched samples were repressed for a period of time, with the test stopped before the
samples had reached full density. The variation of density within a specimen was then
determined by microhardness tests, and by measuring the X-ray absurption characteristics,
at various sections. Here we analyse one particular test for which a complete set of data is
available. Initially, the sintering body had a uniform grain size of 0.25 jIm and a relative
density of 0.744. A constant load giving a mean applied stress, (In of 15 MPa was applied
at the top of the specimen and the temperature was maintained constant at 1270°C. The
test was stopped when the specimen had reduced in height from 31.1 to 28.16 mm.

A finite element mesh was constructed for a quarter of the specimen of Fig. I using
the finite element mesh generator FEMGEN (FEMVIEW, 1989). For the present problem,
where the dilatational strain-rates remain quite substantial throughout the solution process
a number of types of element can be used. In this situation the use of axisymmetric eight
noded isoparametric elements with reduced integration stations, provides the best balance
between economy and accuracy. The formulation for these models was implemented using
the commercial finite element code, ABAQUS (1989) mounted on a Sun Workstation. The
creep user-interface described above was used with both grain size and relative density
considered as solution-dependent state variables. Automatic time increments associated
with the implicit creep integration scheme were used as this is generally more effective for
large time-dependent problems.

In the present work, the elastic Young's modulus at full density, E = 133 GPa was
used throughout the whole process of sintering, and Possion's ratio was set to 0.33. The
tolerance was chosen to be less than 0.1 % of the typical applied force. The computation
was stopped when the calculated height of the cylinder achieved the experimental value of
28.16 mm. The distribution of the hydrostatic pressure, relative density and the average
grain size inside the cylinder were then determined. Typical solution times for each iteration
were of the order of 0.15 s. The total solution time for a problem to achieve the calculated
height of the cylinder was approximately 2 h.

4. COMPARISON BETWEEN FINITE ELEMENT COMPUTATIONS AND EXPERIMENTAL
DATA

In a previous study (Du and Cocks, 1991), a range of material models were used to
examine the response of the notched component described above. All these models were
linear viscous in character and offer different descriptions of the material response for
situations where the grain boundaries act as perfect sources and sinks for vacancies and grain
boundary diffusion was the only mechanism responsible for deformation and densification
(ex = 0). Before examining the material response when an interface reaction is included, it
is instructive to examine the major factors which were identified as being important in
determining the predicted response of the component in Du and Cocks (1991). These are:
the relative magnitudes of the shear and dilatational strain-rate [measured by the ratios of
fh/Cb and «(Jm-(J,)/ue] and the magnitude of the sintering potential compared to the applied
stress (Js/(Jno

In general, the larger the ratio fb/Cb' the higher the density and the higher the density
gradient within the compact, with the magnitude of the stresses generally increasing with
increasing values ofJ,,/Cb' Two sets of calculations were performed; the sintering potential
was either set equal to zero or eqns (35) and (36) were employed. It was found that using
eqn (35), a sintering potential in the range 30-73 MPa is predicted over the range ofdensities
found experimentally for a grain size of 0.25 jIm. These values are much greater than the
applied stress (In of 15 MPa. As a result, the sintering potential becomes the dominant
factor in determining the densification rate, resulting in significant lateral contraction and
reasonably uniform strain-rate and density distributions. However, if the sintering potential
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is set to zero, lower density levels were evident for all the material models, which are much
closer to the experimental results of Besson et ai. (1990).

Other factors, such as the detailed form of the functions fb(P) and Cb(P) and the extent
ofgrain growth played relatively minor roles in determining the evolution ofmicrostructure.
In all the computer simulations of Besson et ai.'s (1990) experiments, no part of the
component had entered stage 2 up to the end of the test. As a result there is a fairly uniform
distribution of grain size in the component; it had increased by a maximum of 27% when
the analysis was terminated.

When the sintering potential of eqn (35) is employed, the component creeps and
densifies at a uniform rate and the detailed forms of fb(P) and Cb(P) have little influence on
the component response. A greater sensitivity is observed when the sintering potential is
set equal to zero. When a notched component is compressed the material across the
minimum section initially densifies much quicker than material in the bulk of the component.
As it densifies further it becomes more creep resistant and a more uniform densification
rate is observed in the component. For the material models in whichfb(p) and Cb(P) are the
most sensitive to density, the material hardens quicker across the minimum section, slowing
down the rate of densification, and allowing a more uniform distribution of density to
develop within the component, and since the overall displacement is prescribed, the mean
density across the minimum section is less than that obtained for the models where the bulk
and shear viscosities vary less with density.

In the present work, the same problem has been analysed for the material model
described in Section 3 with the value of ct. varied from 0 to CD, which implies that deformation
and densification changes from boundary diffusion controlled to interface reaction
controlled. We again present the results from two sets ofcalculations: the sintering potential
was either set to zero, or the relationships of eqns (35) and (36) were employed. To provide
further insight into this class of problem, computations have also been performed for
situations where the ratio f,lcr for the material model has been arbitrarily changed. This
involves reducing j~/cr by a factor of 1.86 to yield a value of f,lcr = 0.26 during stage I,
which is the ratio originally obtained by Cocks (1993) from his bounding calculations. By
examining the results of these different calculations we can determine the influence of the
ratio of these two quantities and the functional forms for the sintering potential on the
evolution of microstructure within the compact when the sintering process is controlled by
a combination of two different mechanisms.

Similar to the results presented in Du and Cocks (1991) the entire component remained
in stage 1 up to the termination of the test for all the problems analysed. As a result, we
limit our attention to the material response in stage 1. Figures 2 and 3 provide a comparison
of the density distribution obtained experimentally with the finite element predictions for
a range of values of C( when eqn (35) is used for the sintering potential in stage I and both
fblcb andf,lcr equal 0.5. For a given value of ct., it is found that the density is larger in the
regions close to the notch than those remote from it, with the maximum relative density
occurring at the notch tip. This is due to the fact that the material densifies faster at the
notch root initially, driven by the high initial elastic mean stress in this region. As the

0.98
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Fig. 2. A comparison of the radial density profile in the notched region of the specimen between
the experimental data and the current results, in which the sintering potential is evaluated using eqn

(35) when bothf,,/ch andf,k equal 0.5.
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Fig. 3. A comparison of the axial density profile along the OZ axis in the notched region of the
specimen between the experimental data and the current results, in which the sintering potential is

evaluated using eqn (35) when both/blcb andj;jc, equal 0.5.

material densifies it becomes more creep resistant and in order for the material to densify
at a rate that is compatible with the surrounding less dense material the mean stress at the
notch must increase in magnitude much faster than in the bulk of the component.

Examination of these figures also reveals that the higher the value of 0(, the steeper the
density gradients in the compact as a result of the smaller lateral contraction observed as
the interface reaction becomes stronger (large O(). The levels at the density, however, decrease
with increasing 0( with the results lying closer to the experimental data when 0( --+ 00,

reflecting the fact that the ratio of the dilatational strain rate to the effective deviatoric strain
rate (avlse) decreases with increasing 0( (Fig. 4). When the sintering process is dominated by
the boundary diffusion process this ratio is largely determined by the ratio 3(am -a,)/aeo

while it is proportional to J3(lam -O(sl)/ae when sintering is controlled by an interface
reaction. If the sintering potential of eqn (35) is used throughout stage 1, the sintering
potential is much larger than the applied mean stress. As a result, the ratio of the dilatational
strain rate to the deviatoric strain rate is much larger when sintering is controlled by
boundary diffusion than when it is controlled by an interface reaction.

Another possible factor that could play an important role in determining the density
profile is the sensitivity of the material response to the relative density, and how this varies
as 0( is increased. When sintering is controlled by an interface reaction, the strain-rates are
proportional to!; and c;, while in the diffusion limit, they are proportional to!b and Cb'
The way in which these quantities vary with relative density is shown in Fig. 5. The plots
for !b and!; and Cb and c; are very similar and the slight variations that are evident from
these plots is likely to have a negligible effect on the density profile in the body.

It is evident from the above discussion that the key to understanding the development
of microstructure within a component is provided by examining the factors that influence
the ratio avlse. In the above example we employed a certain structure for the constitutive
relationships and a particular expression for the sintering potential. Further insight into
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Fig. 4. A comparison of the ratio of dilatational and deviatoric strain-rate along the minimum
section for a range of Cl values.
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Fig. 5. Comparison of (a) f as a function of relative density and (b) C as a function of relative
density for the different mechanisms at stage I.

the component response can be obtained by examining the effect ofchanging these relation
ships. First we consider the effect of changing f,., such that f,.lc r = 0.27. The resulting
variation of density across the minimum section and along the axis of the component are
shown in Figs 6 and 7.

It is evident that these results exhibit the same trend as observed whenf,.lcr = 0.5 and
fi,/Cb = 0.5. When a is less than 1, both sets of results are similar to those obtained when
!rIcr = 0.5, as in this regime, boundary diffusion dominates the process of sintering and the
variation off,.lcr has little effect on the overall density distribution in the compact. However,
when a is larger than 1, significant differences are observed, with the levels of density and
density gradients being smaller for smaller values of!rlcr Reducingf,., reduces the ratio of
ii.lee on average in the body, giving larger transverse displacements and less densification.
This result is consistent with those presented in Du and Cocks (1991) when a = 0 and the
ratio/blcb was varied. It was observed that the larger the ratio of/blcb' the higher the density
level and density gradients.
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Fig. 6. A comparison of the radial density profile in the notched region of the specimen between
the experimental data and the current results, in which the sintering potential is evaluated using eqn

(35) whenJ.lch = 0.5 andfrlc, = 0.27.
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Fig. 7. A comparison of the axial density profile along the 02 axis in the notched region of the
specimen between the experimental data and the current results, in which the sintering potential is

evaluated using eqn (35) and bothf"lcb = 0.5 andf,/c, = 0.27.

--Besson et ai's Numerical Results
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Fig. 8. A comparison of the radial density profile in the notched region of the specimen between
the experimental data and the current results, in which the sintering potential is set to zero when

both/blcb andflc, equal 0.5.

In the above examples the component response is largely determined by the magnitude
of the sintering potential. In order to more fully examine the influence of other features of
the material model a set of computations were performed in which the sintering potential
was set to zero, withf,/cr andfb/cb both equal to 0.5.

The variation ofdensity across the minimum section and along the axis of the specimen
obtained from the computations are compared with the experimental data of Besson et al.
(1990) in Figs 8 and 9. To provide further insight into this class of problem the numerical
results obtained by Besson et al. (1990) using an empirical model are illustrated alongside the

--Besson et ai's Numerical Results
• X-Ray Oata
o Hardness Data
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Fig. 9. A comparison of the axial density profile along the 02 axis in the notched region of the
specimen between the experimental data and the current results, in which the sintering potential is

set to zero and bothf"lcb andf.lc, equal 0.5.
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current computational results. Examination of Figs 8 and 9 reveals that lower density levels
and sharper density gradients are evident in comparison with the results of Figs 3 and 4.
Also the lateral contraction is much smaller in comparison with that when the sintering
potential of eqn (35) was employed. Examination of these results also indicates that the
larger the value of a the higher the level of density. This is a direct result of the non-linear
nature of the constitutive relationship in the limit of interface reaction controlled sintering.
As a is increased the strain becomes more concentrated across the minimum section of the
component, resulting in a higher local density for a given imposed axial displacement. The
differences between the densities arising from the variation of a are smaller when a, = 0
than when the sintering potential of eqn (35) was employed. All the results lie in a tight
band between the two sets of experimental data provided by Besson et al. (1990). An
interesting feature of these results is that the level of the density increases and approaches
the numerical prediction of Besson et al. (1990) as a increases. If the grain size is set to a
constant value of 0.25 ,um and the values of the creep constants determined by fitting the
experimental data (Besson et al., 1990) are used, we find that Besson et af.'s (1990) empirical
equation leads to a value of a of the order of 100.

5. DISCUSSION

In the present paper we have extended a two-state variable material model recently
proposed by the authors (Du and Cocks, 1992a) for the sintering of fine-grained ceramic
compacts for situations where grain boundary diffusion is the dominant mechanism to
include the effects ofan interface reaction. A range of finite element simulations of a porous
ceramic notched component have been performed. The major aims of this study were to
assess the predictive capability of the material model and to determine those features of the
model that most influence the response of a sintering component when the effect of an
interface reaction is included.

As with previous studies (Du and Cocks, 1991, 1992b) it is found that the expressions
employed for the sintering potential and the ratios of/Ie play the most significant roles in
determining the development of microstructure in the body. For the range of conditions
examined here eqns (35) and (36) predict values of the sintering potential that are much
larger than the applied stress of 15 MPa. These large values tend to dominate the response
of the component. In the limit ofdiffusion controlled sintering the higher sintering potential
causes the body to densify at an almost uniform rate, giving large lateral contractions and
the highest densities for a given axial displacement (Fig. 2). When an interface reaction
operates the sintering potential also influences the deviatoric strain-rates as a result of the
non-linear nature of the constitutive law [see eqn (18) with am replaced by am-a,]. As a
result the extent of lateral contraction decreases with increasing strength of the interface
reaction, giving lower density levels for a given axial displacement (Fig. 2).

When the sintering potential is assumed to be much less than the axial stress there is
less variation in the results and the opposite trend to that described above is observed as
the strength of the interface reaction is increased (Fig. 8). Suppressing the sintering potential
results in a wider variation of strain and densification rate within the body. The increasing
non-linear nature of the material response as the strength of the interface reaction increases,
results in a stronger localization of the strain across the minimum section and higher local
density levels.

Examination of Figs 2, 3, 8 and 9 reveals that the computational results lie within the
experimental data at large a, independent of the choice of the expression for the sintering
potentiaL Besson et af.'s (1990) data and empirical model suggest that a is of the order of
100 for the range of condition employed in their experiments. It is useful to examine this
limit in more detaiL

First consider a test in uniaxial compression, where the specimen is subjected to a
constant axial stress a. If Sa is the axial strain rate and ST the transverse strain rate then
[from eqns (18) and (19)]
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(37)

Besson et al. (1990) observed that t:T = 0 during stage 1 sintering in their uniaxial com
pression tests. In the development of the material constitutive relationships we assume that
the level of stress used in these tests was such that as « a, givingf,.lc, = 0.5. If, however, as
was of the order of a thenf,.lcr = 0.25 would have been a more appropriate choice, which
is close to the original value proposed by Cocks (1993) from his bounding calculations. In
the computations for f,.lc, = 0.27, presented in Figs 6 and 7, the sintering potential was of
the order of the mean stress across the minimum section of the notched component through
out the sintering process. Ifwe compare the results for IX -+ CIJ on Figs 6 and 8 (i.e. f,.1c, = 0.27
and as = a net with f,lc, = 0.5 and a2 = 0) we observe that the mean densities across the
minimum section are comparable, with a wider variation of density observed when as = O.
This result serves to illustrate the major points of this paper. Provided the uniaxial data are
adequately described by the constitutive model, i.e. the ratio t:,,jse is accurately predicted,
then the correct magnitude of the density is obtained from the computations. In situations
where the sintering potential is large, smaller variations of density are observed in the body,
but the density profile still lies within the scatter band of experimental results.

Other factors, such as the detailed form of the functions f,.(p) and cr(p) play relatively
minor roles in determining the evolution of microstructure (Figs 8 and 9). At a given value
of IX, provided the current model adequately fits the same data as Besson et al.'s model
(1989, 1990, 1992), it will give largely the same results.

It is evident from the above discussion that the key to fully understanding the devel
opment of microstructure during sintering lies in obtaining an accurate description of the
sintering potential. There is no universally accepted set of expressions for this potential. In
situations where values have been obtained experimentally, it has been found to lie in the
range of 1-2 MPa (Hsueh et al., 1986; Rahaman et al., 1986). The grain size employed in
these studies was, however, larger than that considered here. Equations (35) and (36)
suggest that the sintering potential decreases with increasing grain size, so we might expect
higher values than the oft quoted value of 1 MPa, although the magnitudes of the sintering
potential obtained here are far in excess of this value. Clearly, future development of the
constitutive models requires more accurate expressions for the sintering potential and
further detailed experiments on a range of engineering components of the type described
by Besson et al. (1990) to fully evaluate and calibrate these models.
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APPENDIX: NEWTON-RAPHSON SCHEME

In this appendix we describe the Newton--Raphson scheme that was employed to solve eqns (26) and (34).
Noting eqns (26) and (34), we set

(AI)

(A2)

For stage I, we have

(A3)

and

(A4)

Differentiating these equations, we have

(A5)
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and

Let

dg = O-g', dq = O-q'

where the superscript i indicates the time increment.
We have

and

Solving these equations we find

.1+ 1.1 tI(;fg{OSe)1 _g'(oq{OSeY
tv = tv + (og{OSv)i(Oq{OS,Y -(oqjoiv)'(ogfose)'

and

.,+ I', q'(ogjOS,)'-g'(oqjOS.)'
E, = E,+ (og{oe.)'(oq{OS,,)'- (oq{oi,)'(og{OSv)'
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(A6)

(A7)

(A8)

(A9)

(AW)

When g' and tI are both close to zero, say less than 10- 3, we assume that i~ and i~ are the appropriate solutions.
The relative density is then determined from the volumetric strain using the integrated form of eqn (4)

(All)

Similarly, for stage 2, we have

Using the same procedure described above for stage I, we obtain the roots of eqns (AI2) and (AB) as i~

and s;.
For the transition stage, noting eqn (29), the deviatoric, the dilatational strain rate (set> i ..) and the sintering

potential, (J" were taken as

SAS 31:10-H

Bet = keestage 1+(1- k)Ses,age2

iv, = kiv",••• +(I-k)sv""'2

Ust = kGsstltgeJ +(I-k)usstage2'

(AI4)

(A15)

(AI6)


